This paper gives an analysis on the opportunities of using some principles of the hyperbolic geometry in the field of signals and systems theory. Based upon the hyperbolic transform realized by the Blaschke function a hyperbolic metric is defined on the unit circle that corresponds to the notions of the Poincaré disc model of the hyperbolic geometry. Based on the hyperbolic metric and the Laguerre representation of analytic functions in the unit disc a method is outlined, which gives the opportunity to derive the poles of the functions. Deriving the poles in combination with function representations in rational orthogonal bases solves the nonparametric identification problem in the frequency domain.
Introduction
System modeling and identification is an important area of the technical sciences as they can be considered as prerequisites for detection and control problems arising in several technical fields, e.g. industrial and power production plants, vehicles, etc. Using representations in frequency domain results in efficient methods that fit well to concepts and methods of the usual practice in several fields, such as detecting excessive and harmful vibrations in mechanical structures, or providing stable and fast operation in industrial plants. Frequency domain representations of signals and systems are connected with the notion of linearity, namely with the theory of linear time-invariant (LTI) systems; however most of methods elaborated in this field can -in local sense -be used also in association with nonlinear and time-dependent systems. Frequency domain representations and the use of them in the modeling and identification of systems spread from the conventional Fouriertransform based (and specifically FFT-based) nonparametric spectral analysis methods, through the parametric spectral methods based on linear AR and ARMA models, until the use of rational orthogonal bases (ROBs) that supersede in many fields the classical standard trigonometrical system allowing use of linearly parametrized models.
Linear models in system identification are usually parametrized in time domain by stochastic difference equations:
where q is the backward shift operator and ψ t is the random noise. In frequency domain the parametrization can be written as
where the frequency point of measurements are specified by ω k ∈ {ω 1 , . . . ω N } and G(z) = b(z) a(z) , z ∈ C is a rational discrete transfer function represented in the "standard" basis of H 2 . This basis consist of the functions {1, z, z 2 , . . .}. G(z) can also be written in a form of infinite series:
If a finite number of terms are used in the model, this is called as FIR parametrization. An alternative parametrization is to use other, like rational orthogonal basis (ROB) in H 2 that use some kind of knowledge about the system dynamics.
The central idea in the theory of ROBs is the use of the notion of poles. A set of poles can generate a specific rational orthogonal basis in the space H 2 on the unit disc that represents any function in this space.
Estimation of the parameters g k ,l k in the above linearly parametrized models can be performed by efficient LS methods.
To obtain good enough representation to get fast convergence in ROB parametrizations, a relatively accurate knowledge of the pole locations is required, while applying the the exact pole locations results in representation with finite number of parameters. Some ideas for adequate selection of the initial pole locations has been discussed e.g. in [2] , and methods of refining the pole positions with the purpose of finding better representations can be found in [5] .
In this paper a new principle of identifying poles is presented. It can be used in cases when no a priori knowledge is available on the number and the location of poles. The key notion in this theory is the Blaschke function that plays a significant role in the field of rational orthogonal bases. The Blaschke function is an inner function in the space H 2 on the unit disc, and realizes a shift operator, i.e. plays a similar role in the ROBs than the operator z in the standard basis. It will be shown that the Blaschke function generates a hyperbolic group on the complex plane. The characteristics of a specifically selected hyperbolic group representation depending on one parameter allow us to find the system poles, hence a nonparametric method of identifying poles is obtained. Knowledge on poles -by using some type of the ROB representation methods -gives the opportunity to derive all the parameters required for reconstructing the whole function, i.e. the multiplicities of the poles, as well as the zeros of a rational function or the residues of a partial fraction form can be estimated.
In the forthcoming part of the paper D and T denote the unit disc and the unit circle, respectively:
C denotes the complex plane. We refer to the Hardy-space H 2 on the unit disc as H 2 (D).
The Blaschke roup
The Blaschke function depending on a parameter b ∈ D is defined as 
i.e. the function decomposition. With the parameters
it is easy to see that B b1 • B b2 can be expressed as a Blaschke function B b with parameters b = (b, ǫ) of the forms
which, as the parameters has been expressed in the form of Blaschke functions, proves that b = (b, ǫ) ∈ B. This form expresses the operation induced by the function composition of the Blaschke functions in the set of parameters B := D × T. By denoting this operation as
•) results in a group that is isomorphic with the group of the Blaschke functions. According to (2) the following characteristics can simply be shown:
• The group operation ′ • ′ is continuous.
• The neutral element of the group (B, •) is e := (0, 1) ∈ B.
• The inverse element of
Both isomorphic groups defined in the ways described above can be referred to as Blaschke group. Another group isomorphic with the Blaschke group is the matrix group SH(2). A matrix A ∈ SH(2) has the form
The matrices A ∈ SH(2) form a group with the operation of matrix multiplication.
Any element A of SH(2) corresponds to a Linear Fractional Transform (LFT)
There is a bijection between LFT on a and the Blaschke function of parameters b = (b, ǫ):
with ǫ = p/p and b = −q/p. According to the isomorphism between the hyperbolic SH(2) group and the Blaschke-group both can also be referred as hyperbolic group. The Blaschke or hyperbolic group -as it can easily be verified of any isomorphic form of it -is noncommutative.
Denote
It can be shown that ρ is a metric on D and (D, ρ) is a complete metric space. The Blaschke functions are isometries with respect to this metric, i.e.
This metric is called pseudohyperbolic metric. Hyperbolic metric is obtained as
see e.g. [1] for details. The Blaschke group can be associated with the congruence transforms of the Poincaré model of the hyperbolic geometry [1] . In this model the lines are the sets
that are circles crossing perpendicularly the unit circle. 
Identification of the poles of a transfer function using hyperbolic metric
The hyperbolic metric defined according to the Pincaré disc model can also be used to identify the poles of a transfer function G(z) ∈ H 2 (D). The first step is the representation G(z) in the Laguerre basis.
The discrete Laguerre system with parameter b (b ∈ D) is defined as
where B b is a Blaschke function of parameters b = (b, ǫ) ∈ B with the arbitrary constant ǫ = e i δ (δ ∈ [0, 2π)). Since the discrete Laguerre system forms an orthonormal basis in the Hardy space H 2 (D), see e.g. [3] , any function G ∈ H 2 (D) can be expressed by the representation:
where the coefficients {l n } -the so-called Laguerre coefficients -can be computed by using the inner-product that is defined in the space H 2 (D) as a Hilbert space,
By applying the elements of the Laguerre system according to (4)
Rewriting this form into a complex contour integral on the unit circle, i.e. by applying the substitution z = e it ,
According to Cauchy's integral formula the Laguerre coefficients can be expressed in the form (n = 0, 1, 2 . . . )
A transfer function G ∈ H 2 (D) can also be expressed in partial fraction form, i.e. for a set of inverse poles a k ∈ D and their multiplicities
with constant coefficients A k ∈ C, called residues. The idea is: let the Laguerre representation be computed in the partial fraction form term-by-term; hence the Laguerre coefficients belonging to the function G will be composed of partial Laguerre coefficients corresponding to partial fraction terms.
In the case when the function G to be represented contains a single pole with no multiplicity, the n th Laguerrecoefficient can be expressed as
In the case of a single partial fraction term the Laguerre coefficient according to (7) form a geometrical sequence with quotient
The modulus of the quotient (8) -as it can be verified by comparing it with (3) -is equal to the hyperbolic distance between the inverse pole of the function a and the Laguerre parameter b selected. Hence the convergence of the Laguerre coefficients -and consequently the convergence of the Laguerre representation belonging to the function Fdepends on this hyperbolic distance. This fact gives to opportunity to find the location of a single pole in the unit disc: by selecting two different Laguerre parameters b 1 , b 2 ∈ D the location a can be found as the intersection of two hyperbolic circles with hyperbolic radii as it can be seen in Figure 4 . Using similar procedure multiple poles can also be identified. Figure Figure 5 presents the case of 3 poles by using 64 circularly arranged values of parameter b; as it can be verified the intersections are concentrated on 3 locations that correspond to the poles. If multiple terms are considered in the partial fraction form of G the Laguerre coefficients form a more complex form rather than a pure geometrical sequence. The partial coefficients belonging to the different terms occur mixed as a weighted sum, hence a unique value of a single quotient cannot directly be derived. It can be shown (see [4] for details) that in the case of multiple terms with different poles, the term representing slower convergence is dominating at large indices, hence
is given for |q| as a limit for n → ∞.
Hence the quotient associated with the infinite sequence of the Laguerre coefficients can be obtained as the following limit:
The exact mathematical derivation of this form and the analysis of convergence can be found in [4] .
Furthermore it is clear from (8) that
hence the quotient value q implies directly the pole location a as
that forms the basis of a practically realizable algorithm to identify the poles. Estimating the Laguerre coefficients of a function on the basis of time-domain or frequency-domain measurements can be realized by using efficient algorithms [6] . In this paper a simple numerical example is presented as follows. The identification of the poles of a simulated function is shown in Figures 6 and 7 . The set of (inverse) poles belonging to the function is {a 1 = 0.8, a 2,3 = 0.8 * e ± i π 4 } with the associated residues {λ 1 = 1.5, λ 2,3 = 1}. Figure 6 presents a visualization of the iteration processes for finding specific poles. The sequence of the quotient transformed by (9) is drawn in the complex plane by white points. The sequence converges to the pole designated by a 2 . The convergence can be checked on the lower diagrams in Figure 7 , which presents the modulus of the Laguerre coefficients belonging to parameter b and the transformed quotient sequence. The reconstruction errordefined on a root-mean-square basis -is in the magnitude of 10 −5 . . . 10 −7 .
Conclusion
This paper elaborated an analysis on the opportunities of using some principles of the hyperbolic geometry in the field of signals and systems theory. Based upon the hyperbolic transform realized by the Blaschke function a hyperbolic metric has been defined on the unit circle that corresponds to the notions of the Poincaré disc model of the hyperbolic geometry. Based on the hyperbolic metric and the Laguerre representation of analytic functions in the unit disc a method has been outlined, which leads to the estimates of the poles and the associated residues of the discrete transfer functions. Deriving the poles in combination with function representations in rational orthogonal bases solves the problem of the nonparametric identification problem in the frequency domain.
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